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Abstract

This paper proposes a model in which retail prices are sticky even though firms can
always change their prices at zero cost. Instead of imposing a “menu cost”, we assume that
more precise decisions are more costly. In equilibrium, firms optimally make some errors in
price-setting, thus economizing on managerial time. Both the time cost of choice, and the
resulting risk of errors, give firms an incentive to leave their prices unchanged until they
perceive a sufficiently large deviation from the optimal price.

We show that this error-prone “control cost” framework helps explain several puzzling
observations from microdata: (1) small and large price changes coexist; (2) the probability
of price adjustment is largely independent of the time since last adjustment; (3) the size of
the adjustment is largely independent of the time since last adjustment; (4) extreme prices
are younger than prices near the center of the distribution; (5) the coefficient of variation of
prices is greater than that of costs; (6) the standard deviation of price adjustments is largely
independent of the inflation rate, and the fraction of price increases converges slowly towards
100% as inflation rises.

However, on the macroeconomic side, pricing errors do little to explain the real effects
of monetary shocks. Since firms making sufficiently large errors always choose to adjust,
a nominal shock generates a strong, inflationary “selection effect”. Thus, like Golosov and
Lucas (2007), we find that money shocks are almost neutral, but our model fits microdata
better than their specification does.
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1 Introduction

Economic conditions change continually. A firm that attempts to maintain an optimal price
in response to these changes faces at least two costly managerial challenges. First, it must
repeatedly decide when to post new prices. Second, for each price update, it must choose what
new price to post. Since both decisions are costly, managers may suffer errors or frictions along
either margin. The most familiar models of nominal rigidity have studied frictions in the first
decision, assuming that price adjustments can only occur intermittently, either with exogenous
frequency (as in Calvo, 1983) or with endogenous frequency (e.g. Golosov and Lucas, 2007;
Dotsey et al. 2009; Costain and Nakov 2011A, B). This paper instead explores the effects of
frictions in the second decision. In other words, we assume that firms can adjust their prices
costlessly at any time, and that they adjust if and only if it is optimal to do so, but that whenever
they adjust, their price choice is subject to errors. We study the implications of frictions along
this margin both for microeconomic price adjustment data and for macroeconomic dynamics.

The key assumption of our model is that making precise decisions is costly. In the language of
game theory, we assume price setting is subject to “control costs” (see for example van Damme,
1991).} This means that while a firm could in principle adjust its price costlessly at any time,
its adjustment would then exhibit maximal randomness. If instead the firm pays a managerial
cost, it can set its price more precisely, with less error. Therefore, while in equilibrium firms
choose to pay a cost when they adjust prices, it is not a “menu cost” in the sense of resources
devoted to the physical task of posting the new price. Instead, it is a cost of managerial decision
making, consistent with the evidence of Zbaracki et al. (2004).

Note that there are many possible ways of measuring precision, so there is more than one
way of implementing the control cost assumption. For concreteness, we measure precision in
terms of entropy. We show that if decision costs are proportional to entropy reduction, then the
distribution of price adjustments takes the form of a multinomial logit. Our model nests full
frictionless rationality as the limiting case in which the firm sets the optimal price with proba-
bility one every period. The general equilibrium of the model is a logit equilibrium (McKelvey
and Palfrey 1995, 1998): the probability of each firm’s choice is a logit function which depends
on the value of each choice; moreover, the value of each choice is determined, in equilibrium, by
the logit choice probabilities of other firms.?

The fact that precision is costly gives rise to price stickiness, for two reasons. First, because
they fear they may “tremble” when choosing a new price, firms may refrain from adjusting,
on precautionary grounds, even when their current price is not exactly optimal. Whenever the
firm’s price is sufficiently close to the optimum, it prefers to “leave well enough alone”, thus
avoiding the risk of making a costly mistake.?> Second, firms know that when they make an
adjustment, they should devote some time to choosing which price to set. This managerial cost
deters price adjustment, just like a menu cost would. For both these reasons, behavior has an
(S,s) band structure, in which adjustment occurs only if the current price is sufficiently far from
the optimum.

Summarizing our main findings, our model is consistent with several “puzzling” stylized facts

!The control cost concept is also familiar in the engineering literature, especially that on machine learning;
see Todorov (2009).

2Note, however, that since firms are infinitesimal, there are no strategic considerations in their price-setting
decisions.

3In order to distinguish between the effects of precaution, per se, and the effects of costly decisions, per se,
we also report an alternative specification that allows us to decompose the two. The alternative model assumes
directly that prices are distributed according to a logit function, without substracting off any managerial costs.



from micro price adjustment data. It implies that many large and small price changes coexist (see
Fig. 2), in contrast to the implications of the standard fixed menu cost model (Midrigan, 2011;
Klenow and Kryvtsov, 2008; Klenow and Malin, 2009). It also implies that the probability of
price adjustment decreases over the first few months, and then remains essentially flat (Nakamura
and Steinsson, 2008; Klenow and Malin, 2009). In contrast, contrary to what is observed, in the
menu cost model the price adjustment hazard is initially strongly upward sloping. Third, we find
that the absolute size of price changes is approximately constant, independent of the time since
last adjustment (Klenow and Malin, 2009). The Calvo model implies instead that price changes
are increasing in the time since last adjustment. Fourth, “extreme” prices are more likely to
have been recently set than are prices near the center of the distribution (Campbell and Eden,
2010). Fifth, log retail prices vary more than the log of the replacement cost of those retail
goods (Eichenbaum, Jaimovich, and Rebelo, 2011). Sixth, we find that the standard deviation
of price adjustments has little relation with the inflation rate, consistent with Gagnon (2009),
whereas in the fixed menu cost model the fraction of price increases converges rapidly to 100%,
causing the standard deviation of price adjustments to collapse. While a variety of explanations
have been offered for some of these observations (including sales, economies of scope in price
setting, and heterogeneity among price setters), our framework matches all these facts in a very
simple way, using only one degree of freedom in the parameterization.

Finally, we study the effects of money supply shocks, using numerical methods for calculating
dynamic general equilibrium in heterogeneous agent models. Given the degree of rationality that
best fits microdata, the effect of money shocks on consumption in our model is similar to that
in the Golosov-Lucas (2007) fixed menu cost setup. The impact on consumption is much weaker
than it would be in the Calvo model because of a strong “selection effect”. That is, following
a positive money growth shock there is big change in the distribution of adjusting firms: some
just outside the upper (S,s) band that were contemplating a large price decrease are discouraged
from adjusting, while others just inside the lower (S,s) band cross into the action region and
choose a large price increase on average, making the aggregate price level quite flexible. Thus, a
model of error-prone price adjustment fits microdata better than a fixed menu cost model, but
implies that the macroeconomy is relatively close to monetary neutrality.

1.1 Related literature

Early sticky-price frameworks based on “menu costs” were studied by Barro (1972), Sheshinski
and Weiss (1977), and Mankiw (1985). General equilibrium solutions of these models have
only been attempted more recently, at first by ignoring idiosyncratic shocks (Dotsey, King, and
Wolman 1999), or by strongly restricting the distribution of such shocks (Danziger 1999; Gertler
and Leahy 2008). Golosov and Lucas (2007) were the first to calculate the equilibrium effect
of a money supply shock in a model that included large, persistent idiosyncratic shocks, which
could thus be compared both to micro and macro facts in a quantitatively serious way.
However, the menu cost model presents some problems when confronted with microdata. To
begin with, it seems contradicted by evidence that large price changes coexist with some very
small ones; Klenow and Kryvtsov (2008) show that the distribution of price changes remains
puzzling even if we allow for many sectors with different menu costs. As a possible explanation
for the presence of small adjustments, Lach and Tsiddon (2007) and Midrigan (2010) proposed
economies of scope in the pricing of multiple goods: a firm that pays to correct one large price
misalignment might get to change other, less misaligned, prices on the same menu costlessly. An
extensive empirical literature has recently taken advantage of scanner data to document other



microeconomic facts about retail price adjustment; references include Nakamura and Steinsson
(2008), Klenow and Malin (2009), and Campbell and Eden (2010). Recent work based on menu
costs or related frameworks to address the details of these microdata include the stochastic
menu cost model of Dotsey, King, and Wolman (2009); the model of menu costs and observation
costs of Alvarez, Lippi, and Paciello (2011); and the study of Argentinian data by Alvarez,
Gonzalez-Rozada, Neumeyer, and Beraja (2011).

Here, we explore control costs as an alternative to menu costs. Thus, price stickiness in our
model is a near-rational phenomenon, as in the paper of Akerlof and Yellen (1985), where firms
sometimes make mistakes if they are not very costly. The implied equilibrium concept, logit
equilibrium, has been widely applied in experimental game theory. It has successfully explained
play in a number of games where Nash equilibrium performs poorly, such as the centipede game
and Bertrand competition games (McKelvey and Palfrey 1998; Anderson, Goeree, and Holt
2002). It has been much less frequently applied in other areas of economics; we are unaware
of any application of logit equilibrium inside a dynamic general equilibrium macroeconomic
model.* The absence of logit modeling in macroeconomics may be due, in part, to discomfort
with the many potential degrees of freedom opened up by moving away from the benchmark
of full rationality. But since logit equilibrium is just a one-parameter generalization of fully
rational choice, it actually imposes much of the discipline of rationality on the model.

Another possible reason why macroeconomists have rarely considered error-prone choice is
that errors imply heterogeneity; the computational simplicity of a representative agent model
may be lost if agents differ because of small, random mistakes. However, when applied to
state-dependent pricing, this issue is less relevant, since it has long been recognized that it is
important to allow for heterogeneity in order to understand the dynamics of “sticky” adjustment
models (see for example Caballero 1992, and Golosov and Lucas 2007). Moreover, we have
shown (Costain and Nakov 20011B) how the resulting distributional dynamics can be tractably
characterized in general equilibrium. The same numerical method we used in that paper (Reiter
2009) can be applied to a logit equilibrium model; in fact, the smoothness of the logit case makes
it easier to compute than the fully rational case. In contrast, this method and other state-of-
the-art alternatives cannot be used to solve the dynamic general equilibrium of most “rational
inattention” models in the class proposed by Sims (2003), which have a much less tractable state
space. We therefore find that logit equilibrium opens the door to tractable models that can be
used to address both macroeconomic and microeconomic data.

Recent related papers from the “rational inattention” literature include Woodford (2009),
Matejka (2010), and Matejka and McKay (2013), among others. What our framework shares
with this literature is the presence of an entropy cost or an entropy constraint on the decision-
maker. Under rational inattention, the cost is associated with the flow of information through the
decision process (to be precise, costs depend on the mutual information between the exogenous
shocks and the endogenous decisions). In contrast, our model is not explicitly based on Shannon’s
information theory. We simply assume that precise decisions are costly, and entropy enters the
model because it is a convenient measure of precision. Thus, our setup might be thought of as
the problem of a manager who costlessly absorbs the content of all the world’s newspapers (and
other data sources) with her morning coffee, but then faces costs of using that information. The
information-theoretic approach takes into account the costs of receiving that information too.

4The logit choice function is probably the most standard econometric framework for discrete choice, and has
been applied to a huge number of microeconometric contexts. But logit equilibrium, in which each player makes
logit decisions, based on payoff values which depend on other players’ logit decisions, has to the best of our
knowledge rarely been applied outside of experimental game theory.



Intuitively, we agree that all stages of decision making are likely to imply important costs.
However, an attractive reason for ignoring the cost of receiving information is that this dramat-
ically reduces the dimension of the calculations required to solve our model. Since the rational
inattention approach assumes the firm acts under uncertainty, it implies that the firm conditions
on a prior over its possible productivity levels. In our model, the firm conditions on its true
productivity level, but nonetheless finds it costly to set exactly the right price. The fact that a
distribution of productivities is a much lower-dimensional object than a distribution over priors
greatly simplifies computation in our setup. Moreover, once one knows that entropy reduction
costs imply logit, one can simply impose a logit function directly rather than solving numerically
for the form of the error distribution. These facts make DSGE modeling based on our approach
feasible with contemporary numerical methods, whereas general equilibrium solution methods
do not currently exist for rational inattention models (expect in very special cases).

Given the similarity between our approach and that of the rational inattention literature, it
is likely that the two may have many similar implications. Rational inattention may have policy-
relevant empirical implications which our model does not capture; this is a relevant question
for future research. But if the implications of the two approaches turn out to be essentially the
same, our setup may be preferred for its greater tractability.

2 Sticky prices in partial equilibrium

In this section we describe the partial equilibrium decision of a monopolistically competitive firm
that typically makes small errors when it adjusts its price. We show how a multinomial logit
governing price probabilities can be derived from a cost function for error avoidance. Subsection
2.2 compares our setup with the Calvo and menu cost frameworks. We postpone discussion of
general equilibrium until Section 3.

2.1 Deriving logit choice from a control cost function

There exists a continuum of monopolitically competitive firms, indexed by i. Each firm ¢ pro-
duces output Y;; under a constant returns technology, with labor N as the only input, and
faces idiosyncratic productivity shocks A;; = exp(aj):

Yie = AulNi.

The idiosyncratic shocks a; are given by a time-invariant Markov process on a bounded set:
ai € I'* C [a,a], and they are 4id across firms. Thus a; is correlated with a;;—1, but it is
uncorrelated with other firms’ shocks.

Let £; be the aggregate state of the economy, which we will describe later when we discuss
general equilibrium. Let P(€;) be an aggregate price index. Each firm is a monopolistic com-
petitor that chooses its nominal price Pj; taking into account the demand curve Yj; = 9(€Qy) P;, <,
where ¥(£2;)/P(§2;) represents real aggregate demand, and € > 1 is the elasticity of substitution
among product varieties. The firm’s nominal price is its only control variable; this implies that
it must fulfill all demand at the price it sets. The firm hires labor in a competitive market
at the nominal wage rate W (), so the real labor costs associated with its production are
W () N;t/P(€;). Period ¢t nominal profits are (P — W (§)/Ai) 9($2) P, <.

In addition to these production costs, we assume that a firm incurs a cost, representing
managerial time, whenever it resets its nominal price. In order to allow for the possibility that
firms may make errors, we think of the managerial decision process as defining a probability



distribution across prices, instead of picking out a price deterministically, and assume that
avoiding errors is costly. Specifically, as in a game theoretic “control cost” model, management
costs are an increasing function of the precision of the choice. To define the cost function, we
first define the log real price of firm ¢ as

pir = log(Pir) — log(P({%)), (1)

and we assume the manager allocates probabilities 7(p) to log real prices lying in a bounded
set p € I'P C [p,p]. We assume a grid sufficiently wide so that the real prices preferred at the
minimal and maximal values of productivity, a and @, lie strictly inside [p,p]. It is not necessary
at this point to specify whether I'? is a discrete or continuous set; in the former case, m(p) should
be interpreted as a set of discrete probabilities summing to one over the elements of I'P; and in
the latter, it should be interpreted as a probability density function on I'P.

Now, following Stahl (1990) and Mattsson and Weibull (2002), we define the control cost
function in terms of entropy. In particular, we assume that the cost of more precise choice is
proportional to the reduction in the entropy of the choice variable, normalizing the cost of a
perfectly random decision (a uniform distribution) to zero.> That is, the time cost of choosing
the probabilities 7 is given by xD(w||u), where D represents Kullback-Leibler divergence, also
known as relative entropy. In the cost function, x is a constant, representing the marginal cost
of entropy reduction in units of labor time, and u represents a uniform distribution defined over
the same support I'P as w. This cost function is nonnegative and convex, and is well-defined
either for a discrete or continuous support I'?.% Costs are highest for a perfectly precise choice:
the cost function hits its upper bound for any distribution that places all probability on a single
price p € I'P. Costs are lowest for a perfectly random choice: the lower bound on costs is zero,
associated with a uniform distribution.

Given this cost function, let us now derive the distribution of prices chosen by the firm. Let
V(p,a,?) indicate the nominal expected present discounted value of a firm that produces with
log productivity a to sell at log real price p when the aggregate state is .7 We model error-prone
managerial decisions as an allocation of probabilities across the firm’s feasible actions in a way
that maximizes firm value, subject to the costs of management.® The optimal price distribution
m(pla, ) for a firm with log productivity a when the aggregate state is {2 solves the following
maximization problem:

Via,2) = max V a, ) dp — kW (Q ™ (6] 7( )d S m dp =
( ) ) (p):pe p/ (pa ) ) (p) p ( )/ (p)l g ( ) p -t / (p) p 1?

®See also Marsili (1999), Baron et al. (2002), and Matejka and McKay (2013).
5Given two distributions 7 and 7 with support on a bounded set S C [s,3], the Kullback-Leibler divergence

of 7 with respect to 7 is defined as D(x||7) = [ 7(s) log (:E:;) ds. Note that we have not specified whether the
support S is a discrete or continuous set; in the former case, the integral with respect to s should be interpreted
as a sum over a set of discrete points.

"We will see that it is convenient to write the value function in terms of the firm’s real price pis, but we could
equivalently define it in terms of the nominal price Pi, since P;: = exp(pit)P(2).

8We emphasize that allocating probabilities across different prices is an “as if” assumption; we do not literally
assume the firm chooses a probability distribution. Nor do we literally assume that the firm knows the value of
each possible price. Instead, treating the result of the decision process as a random variable is a way of allowing
for errors, and optimizing over the distribution while taking as given the true values of each possible choice is a
way of disciplining the errors, making more valuable choices more likely.




where we have converted computational costs to nominal terms, by multiplying by the wage.
For each p € T'?, m(p|a,2) solves the following first-order condition:

V(p,a,Q) — kW(Q) <1 + log W) — =0,

where g is the multiplier on the constraint. Some rearrangement yields:

V)T RWQ) 3)

Here u(p) = u represents the density of a uniform, so it is a constant. Now, since the density 7

integrates to one, we have exp (1 + #(QO =1 f; exp (‘2(5/?9%) > dp. Therefore (3) implies that

the optimal probabilities are given by a logit formula:

exp (i)

D /' a,Q) ’
f; eXp <V,§€V(Q))) dp’

The parameter k in the logit function can be interpreted as representing the degree of noise in
the decision; in the limit as k — 0 it converges to the policy function under full rationality, in
which the optimal price is chosen with probability one.

We can now plug these probabilities into the objective function to solve for the value function

analytically.” Using (3) to obtain V(p,a, Q) — kW (Q) log % = p+ kW (Q), we have

7(0,9) = kIV(Q)log <u /p ’ exp <W> dp’> . (5)

Here, f/(a7 Q) represents the value of a firm that is choosing a new price; it includes the cost
of management time devoted to the price decision. Since changing prices is costly and risky, it
is not always optimal to adjust the current price. The expected gain from adjusting the price,
conditional on the current log real price p, can be defined as

m(pla, ) = (4)

D(p,a,Q) = f/(a,Q) —Vi(p,a,). (6)

We assume the firm adjusts its price if and only if the expected gain from adjustment is non-
negative. Thus the probability of adjustment can be written as

AD(p,a,Q)) = 1(D(p,a,2) > 0), (7)

where 1(z) is an indicator function taking the value 1 if statement z is true, and zero otherwise.

We can now state the Bellman equation that governs a firm’s value of producing at any
given real price p. When considering the firm’s value now, we must take into account the
fact that it may choose to adjust its price next period. At that time, it will face a new log
productivity level a’ and a new aggregate state ', and if it does not adjust its nominal price,

its real log price will be altered by inflation, to p’ = p —log ];((%,)). Therefore, if the firm does not

9 Anderson, de Palma, and Thisse (1992) solve a consumption allocation problem for a representative consumer
with a utility function that includes an entropy term which can be interpreted as a desire for variety. Their problem
is mathematically equivalent to the problem solved here, and they state an analytical solution of the form (5).



adjust, its value will be V' (p —log 1;((91)) ya', Y ) It will adjust its nominal price with probability

A (D (p —log %, a, Q’)), and if it does so, its value will increase by D (p —log ];((Q/)) ,a, Q’).

Therefore, we can write the firm’s Bellman equation as follows:

Vi) = (PEewp) - L) 00 (P o) ©

@ [v (v 10622 00) 46 (5t 20 ) )

where Q(£,€) is the stochastic discount factor, and G represents the expected gains from
adjustment:

G (p/, a, Q/) = A (D (p’, a, Q/)) D (p/, a, Q’) i 9)

Some interpretive comments may be helpful at this point. First, while the firm’s optimization
problem is written as the choice of a probability distribution, this should not be taken literally.
The managerial decision should be understood as choosing a price, not choosing a distribution
over prices. Optimizing over the distribution, subject to a cost function for precision, is simply
a way of disciplining the errors that firms make in equilibrium; it implies that more costly
decisions, ceteris paribus, are less likely. Second, while the decision problem and the implied
logit probabilities are functions of the true value of each possible price that could be chosen, this
does not imply that the manager actually “knows” the value of each price. The decision is defined
formally as a full information problem because the firm is assumed to have sufficient information
available to calculate the optimal price if computation were costless. But computation is not
costless in this framework, so having that information is not the same as knowing the value of
each price or knowing the optimal price.

2.2 Alternative models of sticky prices

In our simulations below, we will report two specifications of our model. Our main specification,
which we will label “ENT”, is defined by (2), (6), (7), (8), and (9), so logit choice is interpreted
as optimal decision-making under entropy reduction costs. But we also consider a second spec-
ification, abbreviated as “PPS”, for “precautionary price stickiness”. This second specification
instead imposes

P
D(p,a,Q) = / V' a, Q) (p]a, Qdy — Vp,a, ), (10)
p

where the probabilities 7 are given by (4). Thus, this version simply assumes that the price
distribution takes the form of a logit, without deriving this explicitly from control costs. The
full PPS model thus consists of (4), (7), (8), and (9), and (10).

To better interpret our results, we will also compare our framework with two traditional
models of nominal rigidity: the Calvo model and the fixed menu cost (FMC) model. Both of
these models are consistent with Bellman equation (8) if we redefine the expected gains function
G appropriately. In the Calvo model, adjustment occurs with a constant, exogenous probability
A, and conditional on adjustment, the firm sets the optimal price. This means A (D(p,a,)) = ),
and D(p,a,Q) =V*(a,Q) — V(p,a, ), where

V*(a,Q) = m?;LxV(p',a, Q). (11)
P



Therefore in the Calvo model, (9) is replaced by
G(pa a, Q) = S‘(V*(C% Q) - V(pv a, Q)) (12)

In the FMC model, the firm adjusts if and only if the gains from adjustment are at least as large
as the menu cost «, which is a fixed, exogenous quantity of labor. If the firm adjusts, it pays
the menu cost and sets the optimal price. So the probability of adjustment is A (D(p,a,Q)) =
1(D(p,a,Q) > aW(Q)), where D(p, a,Q) = V*(a,Q)—V(p,a,?). Therefore we define the FMC
model by replacing (9) with

G(p,a,Q) =1(D(p,a,Q) > aW(Q)) (D(p,a,) —aW(Q)). (13)

2.3 Distributional dynamics

As firms respond to productivity shocks, managing their prices according to (4) and (7), the
distribution of prices and productivities evolves over time. We now state the equations governing
the dynamics of the distribution.

We will use the notation ]Bit to refer to firm 4’s nominal price at the beginning of period t,
prior to adjustment; this may of course differ from the price P;; at which it produces, because
the price may be adjusted before production. Therefore we will distinguish the beginning-of-
period distribution of prices and productivity, 5,:(15“,@“), from the distribution of prices and
productivity at the time of production, ®;(Pj, a;;). Besides keeping track of nominal prices Py,
it will also be helpful to track log real prices p;, defined by (1). In analogy to the nominal
distributions, we define ‘I/t(ﬁit, a;t) as the real beginning-of-period distribution, and W (pit, a;t)
as the real distribution at the time of production. Finally, we also use lower-case letters to
represent the joint densities associated with these distributions, which we write as czﬁt(lgit,ait),
&¢(Pit, ait), ¥y (Dit, air), and ¥y (pit, ait), respectively.w

Two stochastic processes drive the dynamics of the distribution. First, there is the Markov
process for firm-specific productivity, which we can write in terms of the following c.d.f.:

S(d'|a) = prob(ait+1 < a'\ai,t =a), (14)

or in terms of the corresponding density function:

0
!/ /
s(a'la) = %S(a la). (15)
Thus, suppose that the density of nominal prices and log productivities at the end of period t —1
is ¢,_1(P,a). This density is then affected by productivity shocks; the density at the beginning
of ¢ will therefore be

Gu(P.a) = [ stla)é\(Pra)da. (16)
But this equation conditions on a given nominal price P. Holding fixed a firm’s nominal price,

its real log price is changed by inflation, from p;;—1 to p;+ = pit—1 — log(P;/P;—1). Therefore
the density of real log prices and log productivities at the beginning of ¢ is given by

- P
7 <p ~log P) = [ st@la)i (. ada a7)

0ur notation in this section assumes that all densities are well-defined on a continuous support, but we do
not actually impose this assumption on the model. With slightly more sophisticated notation we could allow
explicitly for distributions with mass points, or with discrete support.



and hence the cumulative distribution at the beginning of ¢, in real terms, is

// (/ (bla)e, 1<q+logPP1 )da)dbdq. (18)

The second stochastic process that determines the dynamics is the process of real price up-
dates, which we have defined in terms of a conditional density of logit form in (4). A firm with
real log price p and log productivity a at the beginning of period ¢ adjusts its price with proba-
bility A(D(p, a,€Y)), and its new real log price is distributed according to 7 (p|a, 2;). Therefore,
if the density of firms at the beginning of ¢ is Tpt(ﬁ, a), the density at the end of ¢ is given by

2/)t(pa (Z) = (1 - )‘(D(p7a79t wt p,a /)\ paa Qt (p|(1, Qt){j;t(ﬁa a)dﬁ (19)

The cumulative distribution at the end of ¢ is simply given by integrating up this density:
D ra
wipa) = [ [ vabidvds (20)

3 General equilibrium

In order to be able to perform monetary policy experiments, we next embed this partial equilib-
rium framework into a dynamic New Keynesian general equilibrium model. For comparability,
we use the same structure as Golosov and Lucas (2007). Besides the firms, there is a represen-
tative household and a central bank that sets the money supply.

3.1 Households

The household’s period utility function is
U(Ct) — CL’(Nt) + v (Mt/Pt) ,

where v/ > 0, v’ <0, 2 >0, 2 > 0, v > 0, v < 0. Payoffs are discounted by factor 3 per
period. Consumption C; is a Spence-Dixit-Stiglitz aggregate of differentiated products:

1 e—1 e—1
Cy = |: Cit € d’L:| .
0

Ny is labor supply, and M;/P; is real money balances. The household’s period budget constraint
is .
/ PyCy di + M, + Rt_lBt =Wy Ny + M1 + TtM + B+ TtD>
0
where fol P;:Cy; di is total nominal spending on the differentiated goods. B; represents nominal
bond holdings, with interest rate R; — 1; T represents lump sum transfers received from
the monetary authority, and T}” represents dividend payments received from the firms. In

this context, optimal allocation of consumption across the differentiated goods implies Cj =
(P;/Py)<Cy, where P, is the following price index:

1
1 1—e€
Pt:{/ Pz.}fdz'} : (21)
0
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Optimal household labor supply implies the following first-order condition:
Wtu’(C’t) = Pt.’L‘/(Nt). (22)

Intertemporal consumption is governed by an Euler equation,

_ P’ (Cyy1)
Ry' = B——— L, 23
! IBPt+1ul(Ct) (23)
and optimal money demand implies:
V(M Py) B/ (Craa)
1 = + . 24
AR T (e 2

3.2 Monetary policy and aggregate consistency

For simplicity, we assume the central bank follows an exogenous stochastic money growth rule:
My = p, My, (25)

where p, = pexp(z¢), and z; is AR(1):
2= ¢ 21+ €. (26)

Here 0 < ¢, < 1 and € ~ i.i.d.N(O,az) is a money growth shock. Thus the money supply
trends upward by approximately factor p > 1 per period on average. Seigniorage revenues are
paid to the household as a lump sum transfer, and the public budget is balanced each period.
Therefore the public budget constraint is

My = M, +T}M.

Bond market clearing is simply By = 0. Market clearing for good ¢ implies the following
demand and supply relations for firm i:

Yit = ANy = Cyy = PFCy P, . (27)

Also, total labor supply must equal total labor demand:

1 1

C;

N; = / Ttdi KT = Pfct/ Py Ay di+ KT = ACy+ KT, (28)
0 it 0

where K is the total time devoted to choosing which price to set by adjusting firms:
K = /{//)\(D(loglf’ —log Py, a,)) </p7r(p|a,Qt)log de) ¢,(P,a)dadP. (29)
P
The labor market clearing condition (28) also defines a weighted measure of price dispersion:
A, = Pf /0 1 P AL i, (30)

which generalizes the dispersion measure in Yun (2005) to allow for heterogeneous productivity.
An increase in A decreases the consumption goods produced per unit of labor, effectively acting
like a negative shock to aggregate productivity.
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Aggregate consistency also requires that the demand curve and the discount factor that
appear in the firm’s problem be consistent with the household’s problem. In particular, to make
the firm’s problem (8) consistent with the goods market clearing conditions (27), the equilibrium
demand shift factor must be

D) = C(Q)P ()" (31)

Finally, we assume that the representative household owns the firms. For consistency with the
household’s Euler equation, the stochastic discount factor in the firm’s problem must be

P(Q)u'(C(Q41))

Q8% Q1) = BP(QtH)U'(C(Qt)) '

(32)

3.3 Aggregate state

We now have spelled out all equilibrium conditions: household and monetary authority behavior
has been described in this section, and the firms’ decision was stated in Section 2. Thus we can
now identify the aggregate state variable ;. Aggregate uncertainty in the model relates only
to the money supply M;. But since the growth rate of M; is AR(1), the latest deviation in
the money growth rate, z;, is a state variable too. There is also a continuum of idiosyncratic
productivity shocks A;;, @ € [0,1]. Finally, since firms cannot instantly adjust their prices, these
are state variables too. Thus, the situation at the beginning of ¢ depends on the joint distribution
5,:(15“, Ajt) of prices and productivity shocks, prior to adjustment. Therefore, we can define the
time t state as 0y = (Mg, 2, &%)

This definition of the state variable is in nominal terms. But we can detrend the model,
rewriting it in real terms, by deflating all prices by the nominal price level P(€);). However,
P(£)) is a jump variable at ¢; as we can see from (21) and (27), it aggregates prices at the end
of the period, after adjustments have taken place:

P(Qy) = {//Pl_eqﬁt(P, a)dea}ll_e. (33)

But if P(§2;) is a jump variable, then so is the beginning-of-period real price p;; = log (]5“ / P(Qt)> ,

and the beginning-of-period real distribution \T/t (Pit, ait) is too. Therefore we cannot define the
real state of the economy at the beginning of ¢ in terms of the distribution W,.

Instead, to define equilibrium in real terms, we must condition on a real state variable that
is predetermined at the beginning of the period. Therefore, we define the time ¢ real state as
=t = (2¢, Uy—1), where U, is the distribution of lagged end-of-period prices and productivities.
We will now show that the distribution W;_;, together with the shocks z;, suffices to determine
all real quantities at time ¢. In particular, it will determine the distributions Wy (pi:, a;r) and
U (pit, ait). Therefore Z; is a correct real state variable for time t.

3.4 Equilibrium definition

To show that we can define a general equilibrium for this economy in terms of the real state =,
we will rewrite the equations in terms of inflation, defined as

i(Z¢,Z1-1) = log (;;é%) . (34)
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Substituting inflation in place the nominal price level P(2) will allow us to eliminate all reference
to nominal variables in the model.
Thus, we define the real value function v, deflating the nominal value function by the current

price level. That is,
—_\ V(p7 a, Qt)

Deflating the value function and related functions in this way, and defining the real wage w(Z;) =
W(€4)/P(£2:), we can rewrite the Bellman equation in detrended form:

u'(C(Et41)) [U(

exp(a)
W (CE) o)

where F represents an expectation over a’ and Z;;1, conditional on a and Z. This equation
includes the real expected gains function g, which we define as follows for any beginning-of-
period log real price p:

v(p,a,5¢) = (exp(p) -

— (&, Eiq1)s a’, Et—H) +9 (P —i(Z¢, Eey1), alv 5t+1)]

+ 95

5(a,5) = k(@) log (u /p ’ exp <”(:w(aE)E)> dp') | (38)

The density of new real prices associated with these value functions is

v(p,a,=) v(p,a,=)
—_ exp( Kw(E) > . 7exp< kw(E) )
7(pla,E) = - ) - =u TR (39)
e () - ew ()
The probability densities then evolve as follows:
pa) = [ s(@layp 5+ iEEm) a)da, (40)

1/%(107 a) =1 (d(p, a, Et) < 0) QZt(pv CL) + / 1 (d(ﬁa a, Et) > 0) W(p‘(% Et){/;t(i); a)dﬁ (41)
These densities can be integrated up to give the following cumulative distributions:
~ Do
Wi = [ [ ddabids, (42
D ra
wipa = [ [ wdabivde (43)

Also, aggregate variables must satisfy the representative household’s first-order conditions.
For simplicity, from here on we will focus on the special case of linear labor disutility, z(N) = x N,
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which allows us to calculate the equilibrium without actually solving for N.'! In this case, the
first-order condition on labor supply is

w(E)u'(C(Er)) = X (44)

The Euler equation for intertemporal consumption and the money demand equation can be
combined (by eliminating the nominal interest rate) to give:

v'(m(Zt)) u'(C(Eg41))
u'(C(Zr)) u'(C(Zr))

where m(Z;) = M;/P(Q;) is the real money supply. Its growth rate must be consistent with the
growth rate of the nominal money supply, and inflation, which implies:

1—

= BE <i(Et,Et+1) Et) . (45)

pexp(ze)  m(S)
exp(i(Ze-1,Z1) m(Z_1) (46)

Finally, the distribution of real prices must be consistent at all times with the definition of the
aggregate price level, (21), which implies the following identity:

/ / exp((1 — )p)y(p, a)dadp = 1. (47)

Note that equations (35)-(46) serve to determine the value functions v, g, d, and v, the
densities and cumulative distributions m, 1~b, Y, \Tl, and ¥, and the functions w, C, and m.
Finally, given the last equation (47), we have one more condition to determine the function i.
Therefore the number of unknowns matches the number of equations.

We can now define equilibrium. We will use the notation =; to denote the pair (z;, ¥;_1),
where z; is a scalar and W;_; is a cumulative distribution function on the set [p,p] x [a,a].

Definition. A real general equilibrium consists of value functions v(p, a, Z), v(a, Z),
g9(p,a,Z), and d(p, a, =), a price policy function 7(p|a,Z), consumption demand
and money demand functions C'(E) and m(Z), and wage and inflation functions
w(Z) and i(Z, E7) that satisfy the following conditions.

(1.) Taking as given the functions w, C, and i, let a; be governed by the Markov
process (14)-(15), and let Z; = (2, ¥;—1) be governed by (26) and (40)-(43).
Then the value functions v, g, d, and ¢ satisfy (35), (36), (37), and (38).

(2.) Taking as given the wage function w and the value function v, the price policy
7 is determined by (39).

(3.) Let =4 = (2¢, Uy—1) be governed by (26) and (40)-(43). Then the functions w,
C, m, and i satisfy (44), (45), (46), and (47).

Note that computing equilibrium requires us to track the evolution of the distribution ¥ of
prices and productivities across firms. We compute the model following the algorithm of Reiter
(2009), as described in the appendix.

"¥or the general case of a nonlinear x(N), the equilibrium definition would require three more equations,
corresponding to (28), (29), and (30), to determine labor N(E), decision costs K™ (Z), and price dispersion A(E).
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4 Results

4.1 Parameterization

We calibrate our model to match the monthly frequency of price changes in US microdata. We
set the steady state growth rate of money to 0%. This is consistent with the zero average price
change in the AC Nielsen data of household product purchases (Midrigan, 2008), which we use
to test our model’s ability to replicate salient features of price adjustment behavior. The model,
like the data, addresses “regular” price changes, excluding temporary “sales”.

As in Costain and Nakov (2011A, B), we take most of our parameterization directly from
Colosov and Lucas (2007). Thus we set the discount factor to 8 = 1.047%/12, Consumption
utility is CRRA, u(C) = ﬁCI*V, with v = 2. Labor disutility is linear, x(N) = xN, with
x = 6. The elasticity of substitution in the consumption aggregator is € = 7. Finally, the utility
of real money holdings is logarithmic, v(m) = vlog(m), with v = 1.

We assume productivity is AR(1) in logs: log A;y = plog Aji—1 +¢f, where €f is a mean-zero,
normal, 7d shock. We take the autocorrelation parameter from Blundell and Bond (2000) who
estimate it from a panel of 509 US manufacturing companies over 8 years, 1982-1989. Their
preferred estimate is 0.565 on an annual basis, which implies p around 0.95 in monthly frequency.

The variance of log productivity is 02 = (1—p?)o?, where o2 is the variance of the innovation
e¢. We set the standard deviation of log productivity to o, = 0.06, which is the standard
deviation of “reference costs” estimated by Eichenbaum, Jaimovich, and Rebelo (2011). Given
our grid-based approximation, this implies a maximum absolute log price change of 0.48, which
covers, with an extra margin of 7%, the maximum absolute log price change of 0.45 observed in
the AC Nielsen dataset.'?

The same technology and preferences are assumed for all adjustment models. Thus, for each
adjustment model we are left with one free parameter to calibrate. In the PPS and ENT cases,
this is the the logit noise parameter k; for the other specifications we must either set the Calvo
adjustment rate A or the menu cost a.. In all three cases, we choose the parameter to match the
10% median monthly frequency of price changes estimated by Nakamura and Steinsson (2008).
All three cases are well identified because k and « both strongly affect the frequency of price
changes (as does )\, of course).

4.2 Steady state microeconomic results

Figure 1 illustrates the two main decisions a firm must make: whether or not to adjust its
current price, and which new price to set, conditional on adjustment. The top panels refer to
the ENT specification. The axes of each panel in the figure show the logarithm of the firm’s
cost (1/A;;) and the log of its real price; both variables are centered around their nonstochastic
steady-state values, so that the origin of each graph represents productivity A;; = 1 and real
price Py/P, = 1. The top left panel illustrates the distribution 7 of prices, conditional on
productivity, when a firm chooses to adjust (the vertical dimension in the graph represents
probability). By assumption, more precise price decisions are more costly; indeed, under the
assumed cost function perfect precision (allocating probability one to one particular price, and

12The aggregate steady state is projected on a price-productivity grid T' of 25 by 25 points. The 25 log
productivity steps of 0.02 cover four standard deviations of productivity above and below the average. Likewise,
25 log price steps of 0.02 cover the distance from the minimum to the maximum flexible price associated with the
maximum and minimum productivities, respectively. In calculations with trend inflation extra points are added
in the price dimension to ensure that the ergodic distribution remains on the grid.
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Fig. 1. Pricing and timing policy functions: ENT and PPS
Note: Left panels show the logit probabilities 7 of choosing different prices, conditional on costs.
Right panels show the boundaries of the inaction region associated with adjustment indicator .

Top panels: ENT specification. Bottom panels: PPS specification.

zero to all others) is infinitely costly on the margin. Therefore, firms set prices with some
randomness, according to the logit formula (4). Firms with higher costs (lower a;;) are better
off setting higher prices, so the peak of the probability distribution roughly follows the 45° line
in the graph. But random errors generate a bell-shaped distribution around this modal choice,
as would be seen by slicing through the distribution along some constant value of costs.

The top right panel of Fig. 1 illustrates the decision whether or not to adjust the current
price, under the ENT specification, as summarized by the (S,s) adjustment bands. The bands
delimit the region of inaction that surrounds the 45° line: when its cost and price lie within the
bands, a firm leaves its current price unchanged; outside the bands, it adjusts. There are two
reasons why a firm might prefer to leave its current price unchanged. First, choosing a new price
is costly; a firm that chooses to readjust knows that it must devote some time to choosing the
right price, and that it must devote more time if it desires greater accuracy. This decision cost
gives an incentive not to adjust the price every period, just as a traditional “menu cost” would.
Second, the fact that decisions are error-prone means they are risky: when a firm chooses to
readjust, it risks setting the wrong price, implying a loss of profits. For both these reasons, a
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firm is better off leaving its price unchanged if it is currently sufficiently close to the optimum.
The inaction region gets wider as cost increases, since higher costs are associated with higher
prices and therefore lower sales. Lower sales make profits less sensitive to the price, implying a
wider inaction band.

The bottom two panels of Figure 1 illustrate the distribution of prices and the adjustment
decision under the PPS specification. The only difference, relative to the baseline setup shown
in the top panels, is that the conditional price distribution 7 is imposed exogenously, instead of
being derived from a problem of decision cost minimization. Under the PPS framework, the logit
price distribution (4) is motivated by its two desirable properties: (a) more profitable prices are
more likely, and (b) frictionlessly optimal behavior is nested as a limiting case. Note that in this
case, there is no physical cost or decision cost associated with price adjustment; nonetheless, as
in the ENT specification, the adjustment decision is characterized by an inaction region. Failure
to adjust arises in this case only because of the risk of setting a suboptimal price, which is the
aspect of nominal rigidity we have called “precautionary price stickiness”.

The shape of the policy functions in the ENT and PPS specifications is similar. The main
difference is quantitative: errors are much larger in the PPS specification than in the ENT
specification, reflected in a wider distribution of prices for any level of costs, as can be seen by
comparing the two left panels of Fig. 1. This quantitative finding is a result of our calibration
strategy, which chooses the noise parameter x to match the 10% monthly frequency of adjustment
in our data. Since the PPS specification models price rigidity only on the basis of the cost of
potential errors, these errors need to be relatively large in order to ensure that firms adjust only
once in ten months. The decision cost in the ENT specification acts an additional brake on
adjustment, so the same adjustment frequency can be matched with a much lower level of noise.
Thus, as we see in Table 1, the noise parameter drops from x = 0.0428 in the PPS model to
% = 0.0050 in the ENT model.

Table 1 also shows that the errors implied by both specifications are small, on average, in
terms of their economic value. The implied losses are shown in the first row of the table: we
report the mean revenue loss suffered relative to a fully rational firm, as a percentage of the
average revenues of a fully rational firm. In the baseline (ENT) estimate, firms lose a third of a
percent of revenues due to imperfect rationality. Losses are of a similar order of magnitude in
all the other specifications too; conditional on a 10% adjustment frequency, losses are largest in
the Calvo model and smallest under fixed menu costs. The distribution of losses is displayed in
Figure 2, for the ENT and PPS models, both before (shaded blue area) and after (black line)
firms decide whether or not to adjust. Comparing the distributions before and after adjustment,
we see that some probability mass is shifted from the thin right tail of the distribution, where
losses are positive, to the fat left tail, where losses are negative (that is, firms on the left are
strictly better off not adjusting). Prior to adjustment, we see some losses as large as 4% of
monthly revenues. After adjustment, almost all losses are below 2% in the ENT specification,
and most of the distribution lies between 0% and -1%. In the PPS model, even after adjustment,
there are still some 4% losses, but most losses lie between -2% and -6% of monthly revenues.
That is, due to the large errors in the PPS calibration, some firms suffer substantial losses even
after adjustment, but most firms are substantially better off avoiding the risk of adjusting.

Next, Table 1 reports price adjustment statistics for the various specifications we compare.
By construction, a single free parameter allows us to hit our single calibration target: the 10%
monthly frequency of price changes estimated by Nakamura and Steinsson (2008) (the last three
columns of the table show data from several sources). Thus we report calibrations of ENT,
PPS, FMC, and the Calvo model that all match this adjustment frequency. The resulting size
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Fig. 2. Size distribution of losses: ENT and PPS
Note: Panels show the distribution of the potential (shaded) and realized (stairs) loss D as a percentage of average
monthly revenue of a flexible-price firm. Negative losses represent gains from inaction.

Top panel: ENT specification. Bottom panel: PPS specification.

distibution of price adjustments is summarized in the middle of the table; the distribution is
somewhat too concentrated under the ENT specification, and is more spread out under PPS.
This distribution is also illustrated in Figure 3, which shows a histogram of price changes with
49 equally-spaced bins representing log price changes from -0.48 to 0.48. The blue shaded bars
in the figure represent the AC Nielsen data, and the solid lines represent the results of our
calibrated models. The ENT and PPS specifications generate a bimodal distribution, like the
empirical distribution, but the standard deviation of price adjustments is only 7.3% in the ENT
model, versus 13.2% in the data. The standard deviation doubles under the PPS specification, to
14.5%, allowing this model to match the empirical histogram quite well. Kurtosis is substantially
higher in the data (3.5) than it is in our model (2.3 for ENT, 2.6 for PPS), as can be seen from
the relatively fat tails in the blue shaded data in the figure. As in the data, half of the price
adjustments in the model are price increases.

The histograms in Figure 3 also illustrate the coexistence of many large and small price
changes in the data, a pattern which is hard for the FMC model to explain. While many price
changes are quite large in the ENT and PPS models, nonetheless twenty to thirty percent of all
adjustments are less than 5% in absolute value, and around one tenth of the adjustments are
smaller than 2.5%. These numbers are close to those observed in the AC Nielsen data. Condi-
tional on the same productivity process and adjustment frequency, the Calvo and FMC models
imply much more concentrated distributions than our model does; this is an obvious consequence
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Fig. 3. Distribution of nonzero price adjustents: comparing models

Note: Shaded blue area: nonzero price adjustments in AC Nielsen data of Midrigan (2011), controlling for sales.
Black lines: model simulations under fixed menu costs (left), Calvo model (middle), and PPS (right, thin) and
ENT (right, thick blue line) specifications of our model.

of the errors that our setup adds on top of the fundamental price variation. But besides this
difference in variability, each specification implies a different shape for the distribution of price
changes. The histogram of price adjustments from the FMC model consists of two sharp spikes,
representing price increases and decreases by firms concentrated near the lower and upper ad-
justment bands, respectively. Hence there is little variation in the size of the changes; while over
40% of all adjustments are less than 5% in absolute value, there are none at all less than 2.5% in
absolute value. In contrast, the Calvo model generates a smoothly unimodal distribution, since
there is no relation between the firm’s current price and its adjustment hazard. Since the level of
noise is very low in our calibration of the ENT model, it generates a distribution similar to that
of the FMC model, but smoother. Most price changes observed in this specification are jumps
from the (S,s) bands to new prices near the optimum. Thus the modes of the distribution are
similar to those of the FMC model; but the distribution is smoother since prices are chosen with
error, including some very small adjustments. Given the much higher noise in our calibration
of the PPS model, it generates a histogram that is much smoother still, though it also displays
some bimodality associated with the (S,s) bands.

Another interesting finding relates to the behavior of the adjustment hazard, that is, the
probability of a price change as a function of the time since the last change. Figure 4 illustrates
this hazard, comparing two empirical data sets with our model and with the FMC and Calvo
specifications. In our model, error-prone decisions imply that firms often readjust quickly after
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Fig. 4. Price adjustment hazard: comparing models

Note: Price adjustment hazard as function of time since last adjustment. Red dashed line: data of Nakamura
and Steinsson (2008); blue line with dots: Klenow and Kryvstov (2008).

Black lines: model simulations under fixed menu costs (left), Calvo model (middle), and PPS (right, thin) and
ENT (right, thick blue line) specifications of our model.

making a change, if their chosen price turns out to have been a mistake. This accounts for the
spike in the adjustment hazard at one month. Some firms that have made smaller errors are
subsequently hit by productivity shocks that push them across the adjustment thresholds; hence
the adjustment hazard in the PPS model continues to decrease over the next few months, until it
eventually flattens out. This pattern is quite consistent with microdata; it fails by construction
in the Calvo model. It also contrasts with the behavior of the FMC model, where the expected
distance from the optimal price increases with the time since last adjustment, resulting in an
increasing hazard. Many studies have suggested that the decreasing hazards in the data may be
caused by heterogeneity in adjustment frequencies across different types of products. However,
Nakamura and Steinsson (2008) find decreasing hazards even after controlling for heterogeneity
(see the blue line with dots in the figure). Likewise, Campbell and Eden (2010) find that for a
given product (as defined by the UPC code), recently-set prices are more likely to be adjusted
than “older” prices.

Figure 5 explores a related stylized fact: in Klenow and Kryvtsov’s (2008) microdata, the
average absolute price adjustment is approximately invariant with the time since last price
adjustment. The fixed menu cost model matches these data remarkably well. The fact that
almost all price adjustments occur close to the (S,s) bands in the FMC model (regardless of
the time since last adjustment) means that the size of the change cannot vary much with the
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Fig. 5. Mean adjustment and price duration: comparing models

Note: Blue dashed line: average absolute nonzero price change, as function of time since last adjustment, in data
of Klenow and Kryvstov (2008).

Normalized: 100 represents the average price change in the data or the simulation.

Black lines: model simulations under fixed menu costs (left), Calvo model (middle), and PPS (right, thin) and
ENT (right, thick) specifications of our model.

time since last adjustment. The PPS and ENT specifications also match this observation fairly
well, for the same reason, except at a horizon of one month, where the immediate correction of
recent mistakes implies somewhat larger adjustments. In contrast, the Calvo model is strongly
rejected on this score; it implies that the size of the price adjustment increases with the age of
the previous price, since the distance between the price and the optimal price tends to increase
with the time since the previous adjustment.

Figure 6 illustrates Campbell and Eden’s (2010) finding that for any given product, prices
far from the time average are likely to have been set recently. The Calvo model is inconsistent
with this observation: at a zero inflation rate, the fraction of young prices conditional on any
price is exactly equal to the Calvo adjustment parameter.!> Both the fixed menu cost and
ENT models generate a U-shaped relation between the percentage of “young” prices (those set
within the last month) and the deviation from the average price. In the FMC model, this occurs
because exceptional prices always reflect responses to exceptional cost shocks; since costs are
mean-reverting, these exceptional prices are likely to be reverted soon thereafter. The intuition

13In the Campbell and Eden data, and in our simulations, “young” prices are those set in the previous month.
Note that under the Calvo model, in the absence of inflation, the distribution of prices is just a weighted average of
past distributions of new prices. In steady state, the distribution of new prices is always the same, and therefore
also equals the distribution of all prices. This property does not hold with nonzero inflation.
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Fig. 6. Extreme prices tend to be young: comparing models

Note: Blue dashed line: fraction of prices set in the previous month, as function of log deviation from product-
specific mean price, in data of Campbell and Eden (2010).

Black lines: model simulations under fixed menu costs (left), Calvo model (middle), and PPS (right, thin) and
ENT (right, thick blue line) specifications of our model.

in the ENT and PPS models is similar: exceptional prices either reflect responses to exceptional
cost shocks (and are therefore likely to revert in response to mean reversion of the shocks)
or represent exceptionally large errors, which the firm is likely to correct soon (as we already
mentioned in the context of Fig. 4).

Another microeconomic fact is addressed in Table 1 and Figure 7. Eichenbaum, Jaimovich
and Rebelo (2011) demonstrate, using data on retail prices and restocking prices for the same
products at the same retail sellers, that prices are more variable than costs. More precisely,
they show that the coefficient of variation of prices is roughly 15% greater than the coefficient of
variation of costs, regardless of whether they compare “weekly” prices and costs, or “reference”
prices and costs, and regardless of whether or not they condition on adjustment. We illustrate
the same fact in Fig. 7, which shows a scatter plot across products from the Dominick’s data
set, where we have information on costs as well as prices. The coefficient of variation of costs
is shown on the horizontal axis, with the coefficient of variation of prices on the vertical axis.
There is great heterogeneity across products; for some products either the price or the cost is
never observed to change. Nonetheless, the bulk of the data points lie slightly above the 45°
line, meaning that for typical products, prices vary more than costs.

In the last line of Table 1 we see that the Calvo model is strongly inconsistent with this
observation. Because firms cannot control the timing of their adjustments in the Calvo model,
they price very conservatively. When costs are exceptionally high, Calvo firms set a low markup
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Fig. 7. Coefficients of variation of prices and costs
Note: Standard deviations of log prices and log costs for different retail products, as defined by UPC code.

Data source: Dominick’s.

(they choose a price much lower than a firm with flexible prices would set), because they expect
costs to revert to the mean, so they worry about getting stuck with an excessively high price.
Likewise, Calvo firms set a high markup when costs are unusually low. There is also a tendency to
price “conservatively” in the FMC model, but it is much weaker, since under menu costs firms
readjust whenever their prices get too far out of line with costs. Thus the ratio of standard
deviations of log prices relative to log costs rises from 0.71 in the Calvo model to 0.94 in the
FMC model. Price variability increases in the PPS model, for an obvious reason: the presence
of pricing errors. Thus in the PPS case the ratio of the volatilities of prices and costs is 1.04.
The results for the ENT model are intermediate between FMC and PPS, with a ratio of 0.97.
In other words, the extra price volatility induced by the small errors in the ENT specification
is insufficient to offset the “conservativeness” induced by nominal rigidity, so the volatility ratio
is less than one, but higher than that in the FMC case.
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Fig. 8. Effects of trend money growth: comparing models

Note: Blue dashed line: Mexican data of Gagnon (2009), at annual inflation rates of 5%, 29%, and 63%.
Other lines: simulations of FMC (green with squares), PPS (thin black line), ENT (thick blue line).
First panel: average frequency of price adjustments, as function of inflation rate.

Second panel: standard deviation of nonzero price adjustments, as function of inflation rate.

Third panel: fraction of nonzero price adjustments which are increases, as function of inflation rate.

4.3 Effects of changes in monetary policy

Figure 8 investigates the effects of large changes in steady state inflation, compared with empiri-
cal observations from Mexican data reported by Gagnon (2009) for periods with annual inflation
rates of 5%, 29%, and 63%. The Calvo model is not shown, since attempting to match these
data with the Calvo model would be pointless.'* The first panel shows how the probability of
adjustment rises with the steady state inflation rate. The FMC, PPS, and ENT specifications
all generate increases in the adjustment frequency very similar to that observed in the data
(the level of the adjustment frequency is higher in the data than in the models, but this simply
reflects the fact that we are comparing US model calibrations with Mexican data).

The second panel shows how the standard deviation of price adjustments changes with the
inflation rate. The Mexican data show that there is little change in the standard deviation,
which fluctuates around 11% as inflation rises. The standard deviation is also fairly constant
in the ENT and PPS models; it is around 7% and falling slightly in the ENT specification,

!4The problem is not only that the Calvo model fails, by construction, to match the variation in the adjustment
rate as inflation rises. In addition, at 29% and 63% inflation rates, our Calvo calibration with adjustment rate
A = 0.1 generates negative firm values, even for firms that have just adjusted to their preferred prices.
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Fig. 9. Impulse responses to money growth shock: comparing models
Note: Simulated responses of inflation and consumption to a money growth shock, monthly autocorrelation 0.8.

Green squares: Calvo model; blue circles: fixed menu costs; red dots: PPS model; thick pink: ENT model.

and around 16% and rising for PPS. In contrast, in the FMC model the standard deviation of
price adjustments deviation drops dramatically (by almost two-thirds) as inflation rises to the
levels observed in Gagnon’s data. The reason is that as inflation increases, the fraction of price
adjustments that are increases converges to almost 100%, as we see in the third panel of the
figure. The histogram of price adjustments goes from being bimodal to having a single sharp
peak, and the remaining variability of price changes is just 2%. Our error-prone specifications
are more consistent with the data on this score, because the fraction of increases rises much
more slowly towards 100%, and therefore the standard deviation of price changes collapses more
slowly than it does in the FMC model.

Figures 9-11 illustrate the quantitative implications of our model for short-run macroeco-
nomic dynamics. The figures show impulse responses of inflation and consumption to money
supply shocks €7, comparing the PPS and ENT specifications with the Calvo and FMC models.
The AR(1) persistence is set to ¢, = 0.8 monthly, implying quarterly persistence of 0.5. Under
the baseline parameterization, both the PPS and ENT versions of our model imply real effects of
monetary shocks much smaller than those in the Calvo case; in fact, the consumption response
for the ENT specification is almost identical to that associated with FMC. The initial impact
on consumption under PPS is similar, though in this case the overall consumption response is
considerably larger because it is more persistent. The same conclusions can be drawn from Ta-
ble 2, which compares the real effects of money shocks across models following the methodology
of Golosov and Lucas (2007). The table reports the percentage of output variation that can
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be explained by money shocks alone (under the assumption that the money shock suffices to
explain 100% of inflation variation); it also reports the slope coefficient of a “Phillips curve”
regression of output on inflation. Under both of these measures, the ENT and FMC models
imply nearly identical degrees of monetary nonneutrality, while PPS implies real effects roughly
twice as strong as ENT. Under the Calvo specification, the real effects of money shocks are
almost four times stronger than they are in the PPS case.

The reason for the weak response of consumption in the ENT specification is the same one
Golosov and Lucas (2007) identified in the FMC context: a strong “selection” effect. In the
FMC model, adjustment occurs if and only if it is sufficiently valuable. Therefore all the most
important price misalignments are eliminated after a money shock, which makes money approx-
imately neutral. The ENT model behaves much like the FMC model, with some small errors
added, but these wash out in the aggregate response. The PPS model behaves somewhat differ-
ently because its errors are so much bigger: indeed, a firm anticipates almost a 50% probability
of readjustment immediately after any price change. This means that when it reacts to any
shock, a firm expects to take several periods before it settles on a new price consistent with
that shock. This slows down the convergence of the aggregate price too, and therefore implies a
longer horizon over which a monetary shock has real effects. This explains why Table 2 shows
real effects roughly twice as large in the PPS model as in the ENT model.

To separate the various components of the inflation response in a precise way, let us define
the productivity-specific optimal price p*(a,=;) = argmax, v(p,a,Z;), and also z*(p,a,=;) =
p*(a,E;) — p, the desired log price adjustment of a firm at the beginning of ¢ with productiv-
ity a and real log price p. The actual log price adjustment of firm ¢ can be decomposed as
it = x*(Pit, @i, Z¢) + €it, where € is an_error, in logs. We can then write the average desired
adjustment at t as Ty = [ [ 2*(p, a,Z¢)¢, (P, a)da dp, and write the fraction of firms adjusting
at t as \; = ff/\(d(ﬁ,a,Et))zzt(ﬁ, a)dadp. Now, note that the average log error made by a
firm with log productivity a that adjusts at the beginning of ¢ is [(p — p*(a,Z¢))7(pla, Z¢)dp.
Multiplying by the adjustment probability, and integrating over the population, the aggregate
log error at t is

@ - / / ( / (p—p*(a,a»)vr(pm,at)dp) Md(F, a,Z1)) (5, a)da dp. (48)
Now inflation can be written as
i = i(3,5) = //(/x*(ﬁ,a,Et)W(pm,Et)dp) MNA(F, 0, %))y (F, a)dadp+ &.  (49)

To a first-order approximation, we can decompose the deviation in inflation at time ¢ as
Ait = it —1 = XAE: +E*Axt + A / / 27* (ﬁ, a, Et) [)\(d(ﬁ, a, Et)) - Xt] it(ﬁ’ a)da dﬁ-’- Agt, (50)

where terms without time subscripts represent steady states, and A represents a change relative
to steady state.!®

The first term, Z; = AAT}, can be called the “intensive margin”; it is the part of inflation due
to changes in the average desired adjustment, holding fixed the fraction of firms adjusting. The
second term, & = T*A);, can be called the “extensive margin”; it is the part of inflation due

'5See Costain and Nakov (2011B) for further discussion of this decomposition.
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Fig. 10. Inflation decomposition after money shock: comparing models
Note: Intensive, extensive, and selection margins of inflation response to a money growth shock, monthly auto-
correlation 0.8.

Green squares: Calvo model; blue circles: fixed menu costs; red dots: PPS model; thick pink: ENT model.

to changes in the fraction of firms adjusting, assuming the average desired adjustment among
those who adjust equals the steady-state average in the whole population. The third effect,

S =A / / * (4, Z0) [MAF, 0, Z)) — M) (P a)da dp (51)

represents the part of inflation due to redistributing adjustment opportunities across firms de-
siring adjustments of different sizes (or signs), while fixing the total number adjusting. Finally,
there is a fourth term, A€;, which is the change in the aggregate log error.

The inflation impulse responses associated with all the specifications considered are decom-
posed in Figure 10. By construction, all changes in inflation in the Calvo model are caused by
the intensive margin, since the probability of adjustment never varies in that specification. The
PPS, ENT, and FMC specifications also show a rise in inflation due to the intensive margin,
since the money supply shock increases the average desired price adjustment. But in these cases
there is a much more important rise in inflation that goes through the selection effect. The
money supply shock shifts the distribution in a way that leaves many firms with an especially
low real price, so that these firms then prefer to adjust (likewise, some firms that would other-
wise have had an especially high real price are discouraged from adjusting). These shifts are the
selection effect. The larger price increase in these specifications explains the small consumption
impact shown in Figure 9. However, the selection effect begins somewhat lower but is especially
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persistent in the PPS case. This is because the large errors in the PPS model move many firms
out to the tails of the distribution; this shift is gradually corrected as firms eventually hit satis-
factory prices. This slows down the equilibration of the price level in the PPS specification, so
consumption reacts more strongly than it does in ENT and FMC, though still much less than
it does in the Calvo model.

Note finally that under all specifications the extensive margin effect is negligible. This occurs
whenever we start from an inflation rate near zero: changing the fraction adjusting while holding
the mean adjustment fixed must have a negligible impact since the mean adjustment must be
roughly zero when inflation is roughly zero. Likewise, the change in the average log error
(not shown) has a negligible impact on inflation. Instead, it is the reallocation of adjustment
opportunities to those that desire a large price increase, which is classified as the selection effect,
that really matters for the inflation response.

4.4 Effects of error-prone pricing

Finally, in Tables 1-2 and Figure 11 we can also see how our model’s behavior varies with k,
the parameter that controls the amount of noise in the choice process. In Table 1, cutting noise
in half raises the frequency of price adjustment from 10% to 13.3% per month (ENT model),
or from 10% to 12.3% (PPS). At the same time, the average price change becomes smaller, for
two reasons. With greater rationality, price adjustment is less risky, so firms become willing to
adjust even when their prices are not so far out of line. Of course, reducing errors also reduces
the size of price changes directly, since the errors are an independent component of the price
adjustment process.

In Figure 11, we see that lower noise increases the initial spike in inflation, and thus decreases
the real effect of the nominal shock (see also Table 2). This is true both in the ENT and PPS
specifications, though the baseline calibration of ENT is already so close to full flexibility that
a further decrease in noise has only a minimal effect. In other words, as rationality increases,
both the ENT and PPS models eventually converge to a fully flexible setup in which money is
entirely neutral.

Differences in noise also help explain the main contrasts between the ENT and PPS specifi-
cations. In terms of microeconomic implications, Table 1 and Figure 3 show that ENT implies a
more concentrated distribution, with smaller adjustments, than PPS. While PPS and ENT both
imply that small and large price adjustments coexist, the histogram in the ENT specification
is more sharply bimodal than the data, whereas for PPS it is more weakly bimodal and more
spread out. Figures 4-6 show that PPS and ENT have qualitatively similar implications for
several other micro facts, though the adjustment hazard is much more strongly decreasing in
PPS than it is in ENT. In terms of impulse responses, Figures 9-11 show that ENT is even closer
to monetary neutrality than PPS, behaving almost identically to the fixed menu cost model.

These findings can be understood by noting that we must recalibrate the noise parameter
x when going from PPS to the ENT setup. In the PPS specification, adjustment occurs if and
only if the value of adjustment D is nonnegative; we calibrate x = 0.0428 in order to match a
10% monthly adjustment frequency. Moving to the ENT specification implies that firms are less
likely to adjust, ceteris paribus: adjustment does not occur unless the value of adjustment (in
labor units) exceeds the control cost kD(r||u). Therefore matching the same 10% adjustment
frequency requires a substantially lower degree of noise; the required calibration for the ENT
specification is k = 0.0050. This very low level of noise explains why the mean loss reported in
the first row of Table 1 is lower for ENT than it is for PPS, in spite of the fact that choosing

30



Money growth process Inflation Consumption

35 35 35

3 3 3 ENT baseline
2.5 25 25 — no!se x 1/2

noise x 2

2 2y 2
15 15 15

1t & 1 \ 1
05| | Ssg_ 0.5 LN 0.5

oL@ Seeevsgssses 0lw &&Q%eo ceeeeREE OLe @ © oo eHeereeee

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Months Months Months
Money growth process Inflation Consumption

35 35 35

3 3 3 —<— PPS baseline
2.5 25 25 —— no!se x 1/2

noise x 2

2 2 2
15 151 | 15

1 1 1
05 05| | % 05

/ b N SRl
oL@ Cesevssesses ole C St e dgssenessss Ole =a3
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Months Months Months

Fig. 11. Impulse responses to money growth shock: effects of noise parameter

Note: Simulated responses of inflation and consumption to a money growth shock, monthly autocorrelation 0.8.
Top row: ENT specification. Bottom row: PPS specification

Red line with dots indicates baseline noise parameter: x = 0.0050 (ENT); x = 0.0428 (PPS).

Green line with squares indicate higher noise: k£ = 0.0100 (ENT); x = 0.0856 (PPS).

Blue line with circles indicate lower noise: x = 0.0025 (ENT); x = 0.0214 (PPS).

the right price entails a decision cost in ENT but not in PPS.

Since the ENT model combines a substantially lower noise parameter with a nonzero decision
cost upon adjustment, it behaves more like the FMC model than PPS does. This is especially
true in terms of impulse responses, where the real effects of money shocks are very small and
almost identical under the FMC and ENT specifications. However, the presence of errors helps
the ENT model fit microdata better than a fixed menu cost model does. Three of our findings
especially favor ENT relative to FMC. First, ENT generates a more realistic distribution of price
changes than FMC does, with a smoother histogram that includes some very small adjustments.
Second, it implies that the adjustment hazard is approximately independent of the time since
last adjustment. Third, it implies that the standard deviation of price adjustments only varies
weakly with the aggregate inflation rate, while this standard deviation collapses quickly in the
FMC model, as the fraction of price increases goes rapidly to 100%. The ENT model also raises
the variability of prices relative to the variability of costs, though in our calibration it does not
succeed in raising the ratio above one. Of the various empirical issues we have explored, the
only point where FMC outperforms ENT is in matching the size of the price adjustment, as a
function of the time since last adjustment (see Fig. 5). On this point, the FMC model matches
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the data almost perfectly.

5 Conclusions

We have analyzed the pricing behavior of near-rational firms which can freely adjust their prices
at any time in response to idiosyncratic and aggregate shocks, but sometimes make mistakes.
We model error-prone behavior by assuming that more accurate decisions are more costly. In
equilibrium, firms devote some time to improving the precision of their price choices, but not
so much that errors are completely eliminated. We focus on the special case where the cost
of precision is measured by relative entropy; in this case, prices are distributed according to a
multinomial logit. Prices are endogenously sticky, because when a firm leaves its price unchanged
it avoids the decision costs associated with choosing a new price, and it avoids the risk of
accidentally setting a price worse than the current one.

This way of modeling price stickiness is consistent with several observations from microdata
that are hard to explain in most existing frameworks. Even though the decision to adjust prices
has an (S,s) structure, nonetheless many small price changes coexist with larger ones. The
presence of errors implies that the adjustment hazard, and the average size of the adjustment,
are only weakly related to the time since last adjustment. As in the data, we find that extreme
prices are more likely to be young, and that prices are more volatile than costs. However, our
model of price stickiness does not seem to offer an explanation of monetary nonneutrality. Since
our setup guarantees that firms that are making sufficiently large errors will choose to adjust,
it generates a “selection effect” in response to nominal shocks that largely eliminates the strong
real effects of money shocks found in the Calvo model.

While the Calvo model offers one way to explain the presence of small price changes, it
fails to generate many other prominent micro facts. Our model fits microdata better than the
Calvo model does, but implies a much more flexible aggregate price level, because of a strong
selection effect. Thus, resolving the “puzzle” of small price adjustments need not, by itself, alter
Golosov and Lucas’ conclusion that money shocks have small real effects. At the same time,
our model also performs better at matching microdata than the fixed menu cost model does. In
other words, substituting “control costs” in place of the menu costs that are more familiar in
the state-dependent pricing literature has observable implications which seem consistent with
microeconomic evidence; but it does not necessarily change the macroeconomic implications.

While this paper has emphasized the potential of price errors to explain a number of facts
from microdata, we should stress that the timing of adjustment is perfectly rational here: a
firm adjusts its price if and only if the expected value of doing so exceeds the expected value of
leaving it unchanged. It would also be natural to consider a model with mistakes in both the
size and the timing of price adjustment. We are studying an extension of this type in ongoing
work (Costain and Nakov 2013). It would also be interesting to apply logit decision-making in
many macroeconomic contexts other than price setting.
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Appendix A: Computation

Outline of algorithm

Computing this model is challenging due to heterogeneity: at any time ¢, firms will face different
productivity shocks A;; and will be stuck at different prices P;;. The Calvo model is popular
because, up to a first-order approximation, only the average price matters for equilibrium. But
this property does not hold in most models; here we must treat all equilibrium quantities as
functions of the time-varying distribution of prices and productivity across firms.

We address this problem by implementing Reiter’s (2009) solution method for dynamic gen-
eral equilibrium models with heterogeneous agents and aggregate shocks. As a first step, the
algorithm calculates the steady-state general equilibrium in the absence of aggregate shocks.
Idiosyncratic shocks are still active, but are assumed to have converged to their ergodic distri-
bution, so the real aggregate state of the economy is a constant, =. The algorithm solves for a
discretized approximation to this steady state; here we restrict real log prices p;; and log produc-
tivities a; to a fixed grid I' = T? x I'*, where I'? = {p!,p?,..p7" } and I'* = {a',a?,...a”"} are
both logarithmically spaced. We can then view the steady state value function as a matrix V of
size #P x #®, comprising the values v/* = v(p’, a*, ) associated with prices and productivities
(pj, ak) € I'.16 Likewise, the price distribution can be viewed as a #P x #% matrix ¥ in which
the row j, column k element W/* represents the fraction of firms in state (p’,a¥) at the end
of any given period. Under this discrete representation, we can calculate steady state general
equilibrium by guessing the wage w, then solving the firm’s problem by backwards induction on
the grid T', then updating the conjectured wage, and iterating to convergence.

In a second step, Reiter’s method constructs a linear approximation to the dynamics of the
discretized model, by perturbing it around the steady state general equilibrium on a point-by-
point basis. That is, the value function is represented by a #” x #¢ matrix V; with row j,
column k element Ut’k = v(p’,a”, =), thus summarizing the time ¢ values at all grid points
(pj,ak) € I'P. Then, instead of viewing the Bellman equation as a functional equation that
defines v(p, a, Z) for all possible idiosyncratic and aggregate states p, a, and =, we simply regard
it as an expectational relation between the matrices V; and V4. This amounts to a (large!)
system of #P# first-order expectational difference equations that determine the dynamics of
the #P#% variables ng. We linearize these equations numerically (together with the #P#¢
equations that describe the evolution of the mass of firms at each grid point, and a few other

18Tn this appendix, bold face indicates matrices, and superscripts represent indices of matrices or grids.
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scalar equations). We then solve for the saddle-path stable solution of the linearized model using
the QZ decomposition, following Klein (2000).

This method combines linearity and nonlinearity in a way appropriate for models of price
setting, where idiosyncratic shocks tend to have a bigger effect on firms’ decisions than aggregate
shocks do (e.g. Klenow and Kryvtsov, 2008; Golosov and Lucas, 2007; Midrigan, 2011). When
we linearize the model’s aggregate dynamics, we recognize that changes in the aggregate shock
z¢ or in the distribution W, are unlikely to have a strongly nonlinear effect on the value function.
Note that this smoothness does not require any “approximate aggregation” property, in contrast
with the Krusell and Smith (1998) method; nor do we need to impose any particular functional
form on the distribution ¥. However, to allow for the importance of firm-specific shocks, Reiter’s
method treats variation along idiosyncratic dimensions in a fully nonlinear way: the value at
each grid point is determined by a distinct equation, which could in principle be entirely different
from the equations governing the value at neighboring points.

The discretized model

In the discretized model, the value function V; is a matrix of size #? x #“ with elements
vik =v(p’, a", 5y) for (p7, ak) € I'. The expected value of setting a new price is a column vector
vy of length #%, with kth element

vy = rw(Zy)log [ — exp( t: ) . (52)
2 2P\ (@)

— =t
Ji

Other relevant #P x #% matrices include the adjustment values D¢, the adjustment probabilities
A, and the expected gains Gy, with (4, k) elements given by

d* = of -l (53)
AE = 1(d{’k20), (54)
gt = N (55)

Finally, we also define a matrix of logit probabilities IT;, which has its (j, k) element given by

exp (v*/(ruw(2))
# exp (oF /(1))

which is the probability of choosing real price p? conditional on productivity o if the firm
decides to adjust its price at time t.

In this discrete representation, the productivity process (14) can be written in terms of a
#% x #% matrix S, where the (m, k) element represents the following transition probability:

ik j =
mt = m(p’|a", =) =

Sk — prob(ai = a™|a;—1 = ak).

It is helpful to introduce analogous Markovian notation for the price process. Let R; be a
#P x #P Markov matrix in which the row m, column [ element represents the probability that
firm 7’s beginning-of-period log real price p;; equals p" € I'P if its log real price at the end of
the previous period was p! € I'P:

R = prob(pi = p™|pis—1 = 1)
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Generically, the deflated log price p;;—1 — i(E¢—1, Z¢) will fall between two grid points; then the
matrix R; must round up or down stochastically. Hence, for any iy = i(Z¢_1, =), we construct
R, according to'”

m—1

—1 li
% if p™ = min{p € TP : p > i 'p'}

Ry = prob(pi = ™ pig—1 = p', i) = % if p" = max{p € [P : p < i; 'p'} - (56)
0 otherwise

Given this notation, we can now write the distributional dynamics in a more compact form.
Equations (40) and (42) become N
U, =Ry Wy % S,a (57)

where * represents ordinary matrix multiplication. Note that exogenous shocks are represented
from left to right in the matrix W;, so that their transitions can be described by right mul-
tiplication, while policies are represented vertically, so that transitions related to policies can
be described by left multiplication. Next, to calculate the effects of price adjustment on the
distribution, let E,, and E,, be matrices of ones of size #? x #P and #P x #%, respectively.
Equations (40) and (42) can then be rewritten as

Uy = (Epa—At) - * li’t + 10 % (Epp * (A - % ‘T’t))v (58)

where (as in MATLAB) the operator .x represents element-by-element multiplication.
The same transition matrices R and S show up when we write the Bellman equation in
matrix form. Let Uy be the #P x #% matrix of current payoffs, with elements

ik _ N wE) ) CE
"= (o) - 255 ) sy %)
for any (pJ, ak) € I'. Then the Bellman equation can be written as
u'(C(2
V, =U,; + BE; {(,(fl)) [Riyy * (Vig1 + Giyr) % S| } . (60)
u'(C(E))

The expectation Fy in (60) refers only to the effects of the time t+1 aggregate shock z;41, because
the dynamics of the idiosyncratic state (p’,a*) € T' are completely described by the matrices
Rj},, and S. Note that since (60) iterates backwards in time, its transitions are governed by R’
and S, whereas (57) iterates forward in time and therefore involves R and S'.

Next, we discuss how we apply the two steps of the Reiter (2009) method to this discrete
model.

Step 1: steady state

In the aggregate steady state, the aggregate shocks are zero, and the (end-of-period) distribution
is some constant ¥, so the state of the economy is constant: Z; = (2, U;—1) = (0, ¥) = =Z. We
abbreviate the names of steady state objects by suppressing time subscripts and the function
argument Z; for example, the steady state value function is V, with elements v/* = v(p/, a*, Z).

"Note that in this model, price adjustment occurs with probability one if the current price is sufficiently far
from its desired level. Therefore, we can choose I'P sufficiently wide so that that prices never drift beyond the

endpoints of the grid. Otherwise, the definition of R; would have to allow for the cases i, Ipt < ptor iy Ipt > p#p.

37



Long run monetary neutrality in steady state implies that the nominal money growth rate
equals the inflation rate:

fr = exp(i).

Thus the steady-state transition matrix R is known, since it depends only on steady state
inflation ¢. Morever, the Euler equation reduces to

exp(i) = BR.

As in Section 3.4, we focus on the case of linear labor disutility, z(N) = xN. We can then
calculate steady-state general equilibrium as a one-dimensional root-finding problem: guessing
the wage w, we have enough information to solve the Bellman equation and the distributional
dynamics. Knowing the steady state aggregate distribution, we can construct the real price
level, which must be one. Thus finding a value of w at which the real price level is one amounts
to finding a steady state general equilibrium.

More precisely, for any w, we calculate C' = (w/ X)l/ 7. We can then construct the matrix U

with elements o
ujkz(exppj — o > — . 61
)~ () ) el oy
We then find the fixed point of the value V (simultaneously with v, D, A, and G):

V=U+pBR*(V+G)=*S. (62)

This also allows us to calculate the matrix of logit probabilities I, with elements

ik
ST LA (63
>_n=1exp (v/"/(kw))
We can then find the steady state distribution as the fixed point of these two equations:
U= (Epu—A) .+ W +TI1. % (Epp+ (A .+ W), (64)
U=Rx+xWxS (65)
Finally, we check whether
#P #°
; i\ 1—e
L= > W) " =p). (66)
j=1k=1

If p(w) = 1, then an equilibrium value of w has been found.

Step 2: linearized dynamics

Given the steady state, the general equilibrium dynamics can be calculated by linearization. To
do so, we eliminate as many variables from the equation system as we can. We can summarize
the general equilibrium in terms of the exogenous shock process z;; the lagged distribution of
idiosyncratic states W;_1, which is the endogenous component of the time ¢ aggregate state; and
finally the endogenous jump variables, including V, II;, C;, and ;. The equations reduce to

Zi41 = QL2 + €141, (67)
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pexp(z)  my

exp(i)  my_1’ (68)
‘I’t = (Epa — At) Lk ‘i’t + Ht N (Epp * (At .k {Ivlt)), (69)
Vt = Ut + ﬁEt {% [R;J,_l * (VtJrl + Gt+l) * S] } ’ (70)
#oH
1= "> (p) . (71)
j=1k=1

If we now collapse all the endogenous variables into a single vector
775 = ('UBC (‘Ilt_l)/ ) vec (Vt)/ 9 Cta mg—1, it), )

then the whole set of expectational difference equations (67)-(71) governing the dynamic equi-
librium becomes a first-order system of the following form:

EF (Yﬂrl;?tazz%lazt) =0, (72)

where E} is an expectation conditional on z; and all previous shocks.

To see that the variables in vector X are in fact the only variables we need, note that given
it and ;4 1we can construct R; and Ryy1. Given Ry, we can construct {Ivlt =R; * ¥, ;xS from
W,_;. Under linear labor disutility, we can calculate w; = x/u'(Ct), which gives us all the infor-

mation needed to construct Uy, with (j, k) element equal to wk = (exp(pj ) — #@) exp((jviépj)'
Finally, given V; and V11 we can construct v, II;, D;, and D41, and thus A; and Gyyg.
Therefore the variables in }t and z; are indeed sufficient to evaluate the system (67)-(71). In
all, we have 2#P#® + 3 equations in 2#P#®* + 3 unknowns.

Finally, if we linearize system F numerically with respect to all its arguments to construct
the Jacobian matrices A = D)—(>t+l.7:, B = D?t}', C=D.,,F,and D = D., F, then we obtain

the following first-order linear expectational difference equation system:

EtAA?t—i-l + BA?t + EtCZt+1 + DZt = O, (73)

where A represents a deviation from steady state. This system has the form considered by Klein
(2000), so we solve our model using his QZ decomposition method.
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